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Part A (Short Answer Questions)
Answer any eight questions
Weight 1 each.

1. Define an aigebraically closed field. Give on exampie.

2. Ifa and B ore constructible real numbers, then prove thot a+ is constructible.

3. Let R be a commutative ring with unity. Define i) unit of R, ii) associate elements in R.
4. Prove that Z|z] is an integral domain.

5. Prove that Z[+/—5]is an integral domain.

6. Let E=Q(v2,v3)andc: E— E defined by ala + bv/2 + cv/3 + dv/B) = a + bv2 — cy/3 — dv/6 for
a.b.e,d € Q . Find the fixed field of & .

7. State the isomorphism extension theorem. Use this theorem to prove that if E < F isan algebraic extension of o field F end
a, B € E are conjugate over F, then the conjugation isomorphism a5 : F(a) =+ F (8) can be extended to an isomorphism
of E onto o subfield of F.

8. Describe all extensions of the identity mop of Q to an isomorphism mapping G(~/2) onto a subfield of i B
8. tet f(x) be a polynomial in Fz] where F is a field. Define the group of f(z) over F.

10. Showthat z* + 1 isirreducible in Q|z].
{8x1=8 weightage) _

Part B (Short Essay/Problems)
Answer any six questions.
Weight 2 each.

11. Find the degree and a basis for Q(¥/2, v/3) over Q
12. IfF is @ field of prime characteristic p, then prove that (& + By = e + B forall e, B € F and all positive integers Ti.

13. Prove that every PID is a UFD.
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14.

15.

16.

.

18.

18.

20.

21.

If F is a field and %4, X5.... X, are indeterminates, then prove that Flx4, x5,...,.x,] is a UFD.

Let f(z) € R[z]. If f(a + bi) = 0, prove that fla — bi) = 0.
Show that Q(/2) hos only the identity automorphism.
If E is @ finite extension of a field F, then prove that E is separable over F if and only if each ¢ in E is separoble over F'.

Let K be a finite normal extension of a field F and let E be an extension of F, where F < E < K < F. Prove the following.
a) K is a finite normal extension of E. !
b) G(K/E) is precisely the subgroup of G‘(K/F] consisting of all those automorphisms that leave E fixed.
¢) Two automorphisms & and T in G(K /F) induce the some isomorphism of E onto a subfield of F if and only if they are in
the some left coset of G{K /E) in G(K [ F).

6%2=12 weightage)

Part C (Essay Type Questions)
Answer any two guesfions.
Weight 5 each.

Given E as an extension field of F and let a € £, where a is algebraic over F. Then prove
a} There is an irreducible polynomial p{x) € F[x] such that p{a)=0. #
b} This irreducible polynomial p(x} is uniquely determined up to a constant facter in F and is a polynomial of minimal degree in
Flx] having a as a zero.

) if fla)=0 for flx) € F[x] with fix}=0.then p{x) divides f{x).

a) Define Euclidean domain

b) Prove that every Euclidean domain is a PID.

¢) For a Euclidean domain with a Euclidean norm v, prove that v(1) is minimal among all v(a) for nonzero a
in D, and also prove that u in D is a unit if and only if v(a) = v(1).

Define splitting field over a field F. Prove that ¢ field E, F < E < F,isa splitting field over F if and only if every
automerphism of F leaving F fixed induces an automorphism of E leoving F fixed.

Prove the following.
a) Let F be 2 field and f(z) be an irreducible polynomial in Fz]. Then all zeros of f(z) in F have the
same muitiplicity.
b) Let F be a field and f(z) be an irreducible polynomial in F[z]. Then f(z) has a factorization in
Flz] ofthe form a [];(z — ;)" where a; are the distinct zeros of f(z) in F anda€F.
¢) If E is a finite extension of a field F, then {E : F'} divides [E : F].
(2x5=10 weightage)
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